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Abstract 
We study subvarieties of the variety of right alternative algebras over a field of characteristic t2,t3 such 
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an algebra with identity element to be alternative. We call a member of such a variety a right alternative 
alternator ideal algebra. We characterize the algebras of this subvariety by finding an identity which holds 
if and only if an algebra belongs to the subvariety. We use this identity to prove that if R is a prime, right 
alternative alternator ideal algebra with an idempotent e to,tl such that (e,e,R) =O, then either R is 
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ON PRIME RIGHT ALTERNATIVE ALGEBRAS AND ALTERNATORS 
Giulia Maria Piacentini Cattaneo(*) and Irvin Roy Hentzel(**) 
Present ed by P. Rib e nboim, F.R.S. C. 
Abstract. We study subvarieties of the variety of right 
alternative algebras over a field of characteristic t2,t3 
such that the defining identities of the variety force the 
span of the alternators to be an ideal and do not force an 
algebra with identity element to be alternative. We call a 
member of such a variety a right alternative alternator ideal 
algebra. We characterize the algebras of this subvariety by 
finding an identity which holds if and only if an algebra 
belongs to the subvariety. We use this identity to prove 
that if R is a prime, right alternative alternator ideal 
algebra with an idempotent e to,tl such that (e,e,R) =O, 
then either R is alternative or R belongs to one of four 
exceptional varieties. 
Introduction. Let R be an algebra over a field of characteristic 
t2,13. We need not suppose R finite dimensional over F, but 
we do need F has enough elements so that certain linearizations 
can be done, the size of F depending on the degree of the 
identity to be linearized. An associator (a,b,c) is defined 
as (a,b,c)=(ab)c-a(bc), the commutator[a,b] as [a,b] =ab-ba 
and an alternator is an associator of the form (a,a,b), (a,b,a) 
(*) Work performed within the G.N.S.A.G.A. of the Italian 
National Research Council. 
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Humanities Research Institute grant from Iowa State University. 
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or (b,a,a). Let M be the subspace spanned by all alternators. 
We are interested in studying right alternative algebras in 
which M is assumed to be a two-sided ideal. In this paper a 
right alternative alternator ideal algebra will mean slightly 
more than a right alternative algebra where M is an ideal. It 
will mean an identity holds which forces M to be an ideal and 
that this identity does not imply alternativity in the presence 
of an identity element. Several examples of algebras in the 
literature have turned out to be right alternative alternator 
ideal algebras. The best known are (-1,1) algebras [6) but 
other identities are studied in [l), [2), and [4). Work in this 
area has been done in [3) ,[4) and [8). In [4]using a group 
representation technique to study identities it is shown that 
for right alternative algebras the assumption that M is an ideal 
is rather weak. In that same paper a simple process is given to 
test if additional identities (in addition to right alternativity) 
imply or do not imply that M is an ideal. In this paper we 
sharpen this result by determining when the identity is reducible 
or irreducible. 
Characterization of right alternative alternator ideal algebras. 
We prove the following theorem: 
Theorem 1. Let R be a right alternative algebra with identity 
element, and suppose that R satisfies some identity which forces 
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the span of the alternators to be an ideal. Then, for some 
fixed µ1 , µ2 , µ3 , µ4 , µ5 in F, R satisfies the following 
identity , where M(a,b,c)=(a,b,c)+(b,a,c): 
3 [a, (b,b,d)] -[b,M(a,b,d)] + (b,M(a,d,bl] = 
(1) µ1M([a,b),b,d) + µ2M([a,bj,d,b) + µ3M([a,d],b,b)+ 
µ4M( [b,d) ,a,b)+ µ5M( {b,d) ,b,a). 
Conversely, if R is a right alternative algebra satisfying 
(1) for some choice of µ1 , µ2 , µ 3 , µ 4 , µ 5 E F, then R is a right 
alternative alternator ideal algebra. 
Specific algebras satisfying (1) are referred to by 
listing their coefficients as ( µ 1 , µ 2 , µ 3 , µ 4 , µ 5 ) and by 
saying that the algebra is of the type ( µ1 , µ2 , µ3 , µ4 , ~ 5 ). 
We also compare different types of identities in right 
alternative algebras that imply that the span of the alternators 
is an ideal, i.e. we compare different characterizations of 
right alternative alternator ideal algebras. 
Presence of an idempotent. Let R be a right alternative 
alternator ideal algebra with identity element 1. Suppose 
it contains an idempotent etO, fl such that (e,e,R)=O. We 
can thus write R as the additive direct sum of the four 
summands R11 , R10 , R01 and R00 , where XE Rij~ex=ix and 
xe=jx. By making use of Theorem 1 and therefore of identity 
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(1) we prove that R1R01 +R 0R10 is a trivial ideal of R, 
i.e. an ideal I such that r 2=0. The only possible exceptions 
are for algebras of the types (-3/2,1,1/2,-2,3/2) and 
(0,1,-1,-2,3). If we now let R be semiprime, we prove that, 
with the only possible exceptions of algebras of types 
(-3/2,1,1/2,-2,3/2), (0,1,-1,-2,3), (-2,1,1,-2,1) and 
(3,-4,1,2,-3), all alternators lie in R1 +R 0 . Furthermore, 
M(R,R,R} and R10R01 +R10+R01 +R 01R10 are ideals which annihilate 
each other. 
We are thus in condition to prove the final theorem, 
and, by using the same argument of page 108 in (3] ,we see that 
the assumption of the existence of an identity element is 
unnecessary: 
Theorem 2. Let R be a prime, right alternative alternator 
ideal algebra with an idempotent e~O.~l such that (e,e,R}=O. 
Then R is alternative. The only possible exceptions are 
algebras of the four types mentioned above. 
We do not know whether or not these exceptional cases 
are truly exceptions to the theorems. They arise as exceptions 
to our proofs. Part of nonassociative algebra is deciding 
which identities are worth studying. We believe these four 
exceptional algebras are defined by very reasonable identities. 
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Having survived as exceptions to the techniques of this 
paper, they are certainly of interest for further study. 
Full details of these and other results are forthcoming 
in [9] . 
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